Abstract. We consider normal compact surfaces Y obtained from a minimal class VII surface X by contraction of a cycle C of r rational curves with C 2 ă 0. Our main result states that, if the obtained cusp is smoothable, then Y is globally smoothable. The proof is based on a vanishing theorem for
1. Introduction 1.1. The results. Class VII surfaces are not classified yet. The GSS conjecture, which, if true, would complete the classification of this class, can be stated as follows:
The GSS conjecture. Any minimal class VII surface with b 2 ą 0 is a Kato surface.
This important conjecture has been stated by Nakamura in [Na3] and has been proved for surfaces with b 2 " 1 in [Te1] . Any Kato surface X has b 2 pXq rational curves, and some of these curves form a cycle of rational curves (see section 1.2). Therefore any Kato surface contains a cycle of r rational curves with 0 ă r ď b 2 pXq. The standard approach for proving the GSS conjecture has two steps corresponding to the following two conjectures considered by experts to be more accessible: Conjecture 1. Any minimal class VII surface with b 2 ą 0 has a cycle of rational curves.
Conjecture 2. Any minimal class VII surface with b 2 ą 0 containing a cycle of rational curves is a Kato surface.
Conjecture 1 is itself very important because, by a result a Nakamura [Na4, Theorem p. 476] , any minimal class VII surface with b 2 ą 0 containing a cycle of rational curves is a deformation in large of a family of blown up primary Hopf surfaces. Therefore, if true, this conjecture would solve the classification of class VII surfaces up to deformation equivalence. Moreover, this conjecture has been proved for b 2 ď 3, and a program for the general case has been developed in [Te2] , [Te3] .
On the other hand, at this moment we have no method or approach to make progress on Conjecture 2. The problem is that, although blown up primary Hopf surfaces appear to be very simple complex geometric objects, we have no method to classify or control degenerations (deformations in large) of families of such surfaces.
The results in this article are related to Conjecture 2, and suggest a new approach which might lead to a proof of this conjecture for small b 2 . Our approach leads to several new and surprising open questions, which (we believe) are of independent interest for both algebraic geometers and experts in complex analytic geometry.
Our main result gives a precise answer to the following question: Question 1. Let X be a minimal class VII surface and C Ă X be a cycle of rational curves with C 2 ă 0. Let Y be the normal surface obtained by contracting C to a point. Does Y admit smooth deformations? If yes, what surfaces appear as smooth deformations of such a normal surface Y ?
This problem has been studied before in special cases by Nakamura [Na1] and Looijenga [Loo] . Using the notations and the terminology introduced in section 1.2, our main result reads:
Theorem 5.2. Let X be a minimal class VII surface, and C Ă X be a cycle of r rational curves with C 2 ă 0, rc 0 , . . . , c r´1 s be its type, and pY, cq be the singular contraction of pX, Cq. Then r ď b 2 pXq and (1) Y is smoothable if and only if the dual rd 0 , . . . , d s´1 s of rc 0 , . . . , c r´1 s is the type of an anti-canonical cycle in a smooth rational surface which admits P 2 as minimal model. This condition is always satisfied when ř r´1 i"0 pc i´2 q ď 10.
(2) If r ă b 2 pXq, then any smooth deformation Y 1 of Y is a rational surface with b 2 pY 1 q " 10`b 2 pXq`C 2 " 10`r .
(3) If r " b 2 pXq, then X is a half-Inoue surface, and any smooth deformation Y 1 of Y is an Enriques surface.
The condition "the dual rd 0 , . . . , d s´1 s of rc 0 , . . . , c r´1 s is the type of an anticanonical cycle in a blown up P 2 C " is decidable algorithmically in terms of the intersection numbers c i . Moreover, the condition ř r´1 i"0 pc i´2 q ď 10 is automatically satisfied when r ă b 2 pXq ď 11 so, in this range, the singular surface Y obtained starting with a pair pX, Cq as in Theorem 5.2 is always smoothable by rational surfaces.
The main ingredients coming in the proof are: ‚ The theorem of Gross-Hacking-Keel [GHK] , and Engel [Eng] stating that Looijenga's conjecture is true (see section 4). This important result gives a smoothability criterion for the cusp pY, cq, regarded as an isolated singularity. ‚ A general vanishing theorem for H 2 pY, Θ Y q (Theorem 2.5), which will be proved in detail in section 2.
Compared to previous results dedicated to this problem, our Theorem 5.2 concerns arbitrary (including unknown) class VII surfaces.
Let t " rc 0 , . . . , c r´1 s be an oriented cycle of integers, with c i ě 2 for 0 ď i ď r´1 and c i ą 2 for at least an index i (see section 1.2). A cusp pV, cq will be called cusp of type t if the type of the exceptional divisor C of its minimal resolution (endowed with a suitable orientation) is t. Suppose now that the cusp pV, cq is smoothable. By the theorem of Gross-Hacking-Keel-Engel mentioned above, this happens if and only if the dual rd 0 , . . . , d s´1 s of t is the type of an anti-canonical cycle in a smooth rational surface which admits P 2 as minimal model (see section 4). Let Y t be the class of singular compact surfaces Y with the properties (1) Y has a single singularity which is a cusp c of type t, and Y ztcu is minimal. (2) apY q " qpY q " 0, kodpY q "´8, where a, q, kod stand for the algebraic dimension, irregularity and the Kodaira dimension respectively.
Theorem 5.2 suggests a new strategy for proving Conjecture 2 for a large subclass of VII surfaces, namely for class VII surfaces with a cycle of r ă b 2 pXq rational curves, satisfying the smoothability criterion of Theorem 5.2 (1). This subclass includes all class VII surfaces with b 2 pXq ď 11 which are not half-Inoue surfaces. This new strategy has two steps:
(a) Classify all families pY z q zPD such that Y 0 P Y t , and for z ‰ 0 the fibre Y z is a smooth rational surface with b 2 pY z q " 10`r which admits P 2 as minimal model. (b) Prove that any surface Y 0 P Y t obtained in this way contains s " ř r i"0 pc i´2 q rational curves.
Note that, if Y 0 contains s rational curves, its minimal resolution X will be a minimal class VII surface with r`s rational curves. Since X is minimal, we have r`s " b 2 pXq [Dl2, Corollary 2.36], so X will be a minimal class VII surface with b 2 pXq rational curves. By the main result of [DOT] such a surface is a Kato surface. Therefore this strategy will lead to a proof of Conjecture 2 for our subclass of class VII surfaces.
Concerning step (a) note that Manetti has shown [Ma] that any normal degeneration Y of P 2 C is a possibly singular projective surface Y with qpY q " P n pY q " 0 (n ą 0). Here P n pY q stand for the the n-plurigenus of Y . Manetti has also proved a classification theorem for the normal degenerations of P 2 C . Theorem 5.2 shows that a degeneration of a family of non-minimal rational surfaces may have vanishing algebraic dimension, so may be an object exterior to the algebraic geometric category. The problem raised in step (a) concerns degenerations of families of arbitrary rational surfaces, so it appears to be more complex than Manetti's classification of degenerations of P 2 C . On the other hand step (a) does not require the classification of all possible normal degenerations, but only of the degenerations which belong to the class Y t (so with prescribed, very simple singularities).
Theorem 5.2 leads to difficult, interesting questions which are of independent interest: Question 2. Let M be the fine moduli space of polarized Enriques surfaces considered in [JoKr, section 5.3] , and X Ñ M be the universal family. Classify the holomorphic maps h : D˚Ñ M for which the pull-back family pX z q zPD˚c onverges to a surface with a single singularity, which is a cusp.
Question 3. Let S N be the configuration space parameterizing N -fold iterated blown up projective planes, and let X N Ñ S N be the universal family [DeGr, section 5.1] . Classify the holomorphic maps h : D˚Ñ S N for which the pull-back family pX z q zPD˚c onverges to a surface with a single singularity, which is a cusp.
1.2. Cycles of rational curves on class VII surfaces. The HirzebruchZagier duality. We recall that a cycle of rational curves in a complex surface X is an effective divisor C Ă X which is either a nodal rational curve, or C " C 0`C1 where C i are two smooth rational curves which intersect transversally in two points, or can be written as C " ř iPZr C i with r ě 3 and C i are smooth rational curves such that
An indexing function Z r Ñ IrrpCq :" the set of irreducible components of C will be called compatible if either r ď 2, or r ě 3 and (1) holds. A Z r -torsor structure on IrrpCq induced by a compatible indexing function will also be called compatible. The set of compatible indexing functions is invariant under right composition with id Zr so, for r ě 2, we obtain in this way two compatible Z r -torsor structures on the set IrrpCq. Definition 1.1. An oriented cycle rational of curves is a cycle of rational curves endowed with a generator χ of H 1 pC, Zq (or, equivalently, endowed with an orientation of the line H 1 pC, Rq).
An generator χ P H 1 pC, Zq defines a covering transformation of the universal coverC Ñ C, so a Z-torsor structure on the set IrrpCq, which induces a compatible Z r -torsion structure on IrrpCq. Therefore, for an oriented cycle C, the set IrrpCq comes with a canonical Z r -torsor structure.
Let M be a set, and r P N˚. We recall that an oriented r-cycle in M is an orbit with respect to the natural right Z r -action on the set
given by composition with translations in Z r . The orbit of pm 0 , . . . , m r´1 q P M Zr will be denoted rm 0 , . . . , m r´1 s. The set of oriented r-cycles in M will be denoted by M Zr {Z r . Definition 1.2. Let C " ř iPZr C i be an oriented cycle of r rational curves, where the indexing function i Þ Ñ C i is compatible with the canonical Z r -torsor structure on IrrpCq. The type of C is the element rc 0 , . . . , c r´1 s P Z Zr {Z r given by rc 0 , . . . , c r´1 s "
The separate definition in the case r " 1 is chosen such that the following universal formula holds for any cycle:
We recall that the class VII of surfaces is defined by VII :" tX complex surface | b 1 pXq " 1, kodpXq "´8u .
The line H 1 pX, Rq » R of a class VII surface can be canonically oriented. Indeed, let g be a Gauduchon metric on X P VII. The formula
Ñ R, and the orientation of H 1 pX, Rq induced by this orientation is independent of g. It is well-known that, for a cycle of rational curves C Ă X the induced map H 1 pC, Rq Ñ H 1 pX, Rq is always an isomorphism. Therefore Remark 1.3. A cycle of rational curves in a class VII surface is canonically oriented.
Note that this remark also holds for the unknown class VII surfaces. For a cycle C in a class VII surface we will always use an indexing function which is compatible with the canonical Z r -torsor structure on IrrpCq.
Let now X be a minimal class VII surface with b 2 pXq ą 0, let C be a cycle of rational curves in X, and let rc 0 , . . . , c r´1 s be its type. Then c i ě 2 for all 0 ď i ď r´1. Moreover, using (2) we see that rc 0 , . . . , c r´1 s " r2, . . . , 2s if and only if C 2 " 0. If X has such a cycle, then r " b 2 pXq, and X is an Enoki surface, i.e. it is biholomorphic with a compactification of an affine line bundle on an elliptic curve [Eno] . In this article we are interested in minimal class VII surfaces X having a cycle of rational curves C with C 2 ă 0. The type of such a cycle is an element rc 0 , . . . , c r´1 s P Z Zr {Z r , where c i ě 2 for all i, but it exists j such that c j ě 3. Therefore we define T r :" rc 0 , . . . , c r´1 s P pZ ě2 q Zr {Z r Dj P Z r such that c j ě 3 ( ,
and we note that the type of a cycle of rational curves with negative self-intersection in a minimal class VII surface is always an element of T . An important role in our article will be played by the following Remark 1.4. The set T comes with a natural involution, called the HirzebruchZagier duality.
This duality can be defined as follows: for an element t " rc 0 , . . . , c r´1 s P T its dual t˚is rd 0 , . . . , d s´1 s where
and rd 0 , . . . , d s´1 s is defined in the following way: Put k :" #tj P Z r | c j ě 3u, and write rc 0 , . . . , c r´1 s in the form
s ,
In other words, the dual cycle rd 0 , . . . , d s´1 s is constructed by replacing any element c j ě 3 in the original cycle by the (possibly empty) sequence 2, . . . , 2 loomoon cj´3 , and any maximal (possibly empty) sequence of the form 2, . . . , 2 loomoon l in the original cycle by the single element l`3.
The Hirzebruch-Zagier duality has been discovered as a geometric property of the curves on Inoue-Hirzebruch surfaces [Hi] , [HiZ] , [Na1] [Dl1]:
Remark 1.5. An Inoue-Hirzebruch surface has two cycles of rational curves whose types are dual to each other.
The following remark summarizes several general, basic properties of cycles with negative self-intersection on minimal class VII surfaces (see [Na2, Theorem 9.2] ). In particular we see that a half-Inoue surface X has a cycle C of b 2 pXq "´C 2 rational curves whose type is self-dual. Remark 1.6. Let X be minimal class VII surface, and C Ă X be a cycle of r rational curves with C 2 ă 0, and rc 0 , . . . , c r´1 s be its type. Then
(1) r ď b 2 pXq.
(2) The natural morphism H 1 pC, Zq Ñ H 1 pX, Zq is a monomorphism, and
(3) One has r ă b 2 pXq if and only if rH 1 pX, Zq : H 1 pC, Zqs " 1.
(4) One has r " b 2 pXq if and only if X is a half-Inoue surface. Such a surface has the properties: (a) rH 1 pX, Zq : H 1 pC, Zqs " 2.
(b) The type rc 0 , . . . , c r´1 s of C coincides with its dual, in particulaŕ
(c) The isomorphism class rK X pCqs is an order 2 element of Pic 0 pXq.
A vanishing theorem for singular contractions of class VII surfaces
For a complex space Y we will denote by Ω Y its sheaf of Kähler differentials, and by Θ Y its dual. If Y is smooth of dimension n then both sheaves are locally free of rank n, and can be identified with the sheaves of sections of the cotangent, respectively tangent bundle.
Let X be a minimal class VII surface, and let C Ă X be a cycle of rational curves with C 2 ă 0. The intersection form of such a cycle is negative definite. Let π : X Ñ Y be the projection onto the singular surface obtained by contracting C, and let c P Y be the isolated normal singularity corresponding to C. This singularity is a cusp, in particular it is minimal elliptic and Gorenstein [Ish, Theorem 7.6.6, Definition 7.6.9, p. 153] , so the dualising sheaf ω Y is invertible.
Lemma 2.1. For a sufficiently small open neighbourhood U of C the following holds
(1) The line bundle K U pCq is trivial.
(2) For any n P Z the restriction morphism K bn X pnCqpU q Ñ K bn X pU zCq is an isomorphism. (3) The restriction morphism Ω X pU q Ñ Ω X pU zCq is an isomorphism.
Proof. There exists an open neighbourhood U of C in X which can be identified with a neighbourhoodŨ of a cycleC in an Inoue Hirzebruch-surfaceX such that C corresponds toC (see [Na2, proof of Lemma 4.3, p. 409] ). We suppose thatŨ does not intersect the second cycleD ofX. Since KX » OX p´C´Dq [Na2, section 6], we obtain a nowhere vanishing section η 0 P K U pCq, which proves (1).
For (2) note that the restriction morphism K bn X pnCqpU q Ñ K bn X pU zCq is obviously injective. Let λ P K bn X pU zCq, and let ϕ P OpU zCq be such that λ " ϕη bn 0
UzC . Since c is an isolated normal singularity there exists a holomorphic extensionφ of ϕ to U [Fi, Proposition p. 119] . Thenλ :"φη bn 0 P K bn X pnCqpU q, and its restriction to U zC is λ.
For (3) note first that the restriction morphism Ω X pU q Ñ Ω X pU zCq is obviously injective. For the surjectivity, let η P Ω X pU zCq "
extends to a section κ P K X pCqpU q, so dη P H 0 pU, Ω 2 plogpCqqq, so the class of dη in the quotient H 0 pU zC, Ω 2 q{H 0 pU, Ω 2 plogpCvanishes. By [SS, Corollary 1.4 ] this implies that η extends on U .
Theorem 2.2. Let X be a minimal class VII surface, and C Ă X a cycle with C 2 ă 0. Let X 1 :" XzC, Y 1 :" Y ztcu, and let π 1 : X 1 Ñ Y 1 be the induced biholomorphism.
( Y pV ztcuq " Ω X pπ´1pV qzCq is an isomorphism. But, by Lemma 2.1 (3), for sufficiently small V , one has Ω X pπ´1pV qzCq " Ω X pπ´1pV qq. 
The exact sequence
shows that h 2 pO X p´Cqq " 0.
Corollary 2.4. Let X be a minimal class VII surface, and C Ă X a cycle with C 2 ă 0. One has an isomorphism
Proof. Using Theorem 2.2(1b), Theorem 2.2 (2) and the projection formula, we obtain Theorem 2.5. Let X be a minimal class VII surface, and C Ă X be a cycle with C 2 ă 0, and let Y be the singular surface obtained by contracting C. One has H 2 pY, Θ Y q " 0.
Proof. Using Serre duality for Cohen-Macauley complex spaces [Pe, Theorem 4.15a p. 171] , it follows that h 2 pY,
On the other hand, by Corollary 2.4, one has h 0 pY,
Using Serre duality on the smooth surface X we obtain h 2 pY, Θ Y q " h 2 pX, Θ X p´Cqq. Therefore it suffices to prove that h 2 pX, Θ X p´Cqq " 0. Denote by Θ X,C the restriction to C of the tangent bundle of X. The cohomology long exact sequence associated with the short exact sequence
One has H 2 pX, Θ X q " 0 [Na4, Theorem 1.2, p. 478 ], so it suffices to prove that the canonical morphism
Following the notation introduced in [Na2, Definitions 4.2, p. 409], let J C be the quotient sheaf Θ X {Θ X p´logpCqq. Taking E " C in [Na4, Theorem 1.3, p. 478] we get H 2 pX, Θ X p´logpC" 0, so using the long exact cohomology sequence associated with the short exact sheaf sequence
we see that H 1 puq : H 1 pX, Θ X q Ñ H 1 pJ c q is surjective. The inclusion Θ X p´Cq ãÑ Θ X p´logpCqq gives a sheaf epimorphism ρ : Θ X,C Ñ J C , and one obviously has u " ρ˝r, so H 1 puq " H 1 pρq˝H 1 prq. We know that H 1 puq is surjective. Since Let pY, cq be connected complex space with a single singularity c, and let
be a semi-universal deformation of the singularity pY, cq with base pV, v 0 q. Choose V sufficiently small such that q is defined on V, is flat on V, and takes values in V . Let Singpqq Ă V be the analytic subset of points of V where q is not regular [GLS, Definition 1.112, Corollary 116] . Using the flatness of q and [GLS, Theorem 1.115] it follows that Singpqq X q´1pvq " Singpq´1pvqq for any v P V . Put q :" q Singpqq . Since c is an isolated singularity, the fibre of the germ morphism pSingpqq, j 0 pcqq Ñ pV, v 0 q defined by q reduces to tj 0 pcqu, so, by [GLS, Definition 1.69, Proposition 1.70], it follows that this germ morphism is finite. Therefore, we may choose V, V such that the morphism q : Singpqq Ñ V is finite, in particular proper. With this choice the image Σ :" impqq " qpSingpwill be an analytic set of V , and the germ pΣ, v 0 q is well defined. Note that only the irreducible components of Singpqq which contain j 0 pcq contribute to this germ. The irreducible components of the germ pΣ, v 0 q have the form pqpSq, v 0 q, where pS, j 0 pcqq is an irreducible component of the germ of analytic set pSingpqq, j 0 pcqq. Definition 3.1. An irreducible component pZ, v 0 q of the germ pV, v 0 q is called a smoothing component for the singularity pY, cq, if it is not contained in pΣ, v 0 q, i.e. if any neighborhood of v 0 in Z contains points v for which q´1pvq is smooth. The isolated singularity pY, cq is called smoothable if it admits smoothing components.
Suppose now that Y is compact, and let
be a deformation of Y of base pU, u 0 q, where i 0 identifies Y with the fibre p´1pu 0 q. The germ morphism pY, i 0 pcqq Ñ pU, u 0 q is flat, so it can be regarded as a deformation of the germ pY, cq with base pU, u 0 q. Using the universal property of a semi-universal deformation, we obtain a commutative diagram
in the category of germs, which induces a germ isomorphism pY, i 0 pcqq Ñ`UˆV V, pi 0 pcq, j 0 pcqqȏ ver pU, u 0 q. Therefore, supposing that U and V are sufficiently small, there exists an open neighborhood Z of i 0 pcq in Y, morphisms φ : U Ñ V , Φ : Z Ñ V, such that φpu 0 q " v 0 , Φpi 0 pcqq " j 0 pcq, q˝Φ " φ˝p, and the induced morphism α : Z Ñ UˆV V is a biholomorphism. Therefore, for any u P U the fibre p´1puqX Z is identified with q´1pφpuqq via Φ. It follows that Singpp Z q " Φ´1pSingpqqq, which implies that ppSingpp Z" φ´1pqpSingp" φ´1pΣq . Put p :" p Singppq . The fibre p´1pu 0 q coincides with the singleton ti 0 pcqu, so Z X Singppq is a neighborhood of π´1pu 0 q in Singppq. But π is proper (because p is proper and Singppq is closed in Y). Therefore for any sufficiently small open neighborhood U 1 of u 0 in U one has
This shows that
Lemma 3.2. For any sufficiently small open neighborhood U 1 of u 0 in U , the following conditions are equivalent for a point u P U 1 :
(1) The fibre p´1puq is singular.
(2) The intersection p´1puq X Z is singular.
(3) φpuq P Σ.
3.2.
From local smoothing to global smoothing. 
be a semi-universal deformation of Y of base pU, u 0 q. Suppose that the induced germ morphism φ : pU, u 0 q Ñ pV, v 0 q is regular [GLS, Definition 1.112] .
(1) Y is smoothable if and only if the isolated singularity pY, cq is smoothable.
(2) If the germ pV, jpc 0is smooth, then the germs pV, v 0 q, pU, u 0 q, pY, i 0 pcqq are all smooth, and Y is smooth around the fibre i 0 pY q " p´1pu 0 q.
Proof.
(1) The claim follows directly from Lemma 3.2 taking into account that, since φ is regular, it induces a bijection between the sets of irreducible components of pU, u 0 q and pV, v 0 q, and maps any irreducible component of pU, u 0 q onto an irreducible component of pV, v 0 q.
(2) Since pV, jpc 0is regular and q is flat, it follows [GLS, Theorem 1.117 ] that pV, v 0 q is smooth. On the other hand using the same method as in the proof of Lemma 3.2, and assuming again that V and V are sufficiently small, we can identify a neighborhood Z of i 0 pcq in Y with the fibre product UˆV V. Since φ is a regular morphism, it follows by base change that UˆV V is regular over V, so it is smooth. Therefore Z is smooth, proving that the germ pY, i 0 pcqq is smooth, which implies that pU 0 , u 0 q is smooth. For the last claim, note that Y is smooth at any point of the fibre i 0 pY q " p´1pu 0 q. Indeed, we know that Y is smooth at i 0 pcq. On the other hand by [GLS, Theorem 1.117(2) ] it follows that Y is smooth at any point y P i 0 pY qzti 0 pcqu.
Using Theorem 2.5 and [Ma, Lemma 1, p . 93] we obtain:
Proposition 3.4. Let X be a minimal class VII surface, C Ă X be a cycle with C 2 ă 0, and let Y be the singular surface obtained by contracting C. Let DefpY q be the base of a semi-universal deformation of Y , and DefpY, cq be the base of a semiuniversal deformation of the isolated singularity pY, cq. The natural germ morphism φ : DefpY q Ñ DefpY, cq is regular.
Propositions 3.3, 3.4 now give:
Corollary 3.5. Let X be a minimal class VII surface, C Ă X be a cycle with C 2 ă 0, and let Y be the singular surface obtained by contracting C. Then
(1) Y is smoothable if and only if the singularity pY, cq is smoothable.
(2) If the total space pV, j 0 pcqq of semi-universal deformation of the singularity pY, cq is smooth, then the germs DefpY, cq and DefpY q are smooth, and the total space Y of the semi-universal deformation of Y is smooth in a neighborhood of Y .
The Looijenga conjecture and local smoothing of cusps
A necessary condition for smoothing cusps is given by J. Wahl [Wa, Corollary 4.6, Theorem 5.6]:
Proposition 4.1. If a cusp pY, cq is smoothable, then all the smoothing components of pY, cq have the same dimension #IrrpCq`10`C 2 . In particular,
In [Loo, (2.11) p. 311] E. Looijenga suggests the following conjecture, which gives a necessary and sufficient smoothability condition:
Conjecture 3. Let pY, cq be a cusp. Endow the exceptional divisor C of a minimal resolution with an orientation, and suppose that the type rc 0 , . . . , c r´1 s of the oriented cycle C belongs to T . The singularity pY, cq is smoothable if and only if there exists a smooth rational surface with an anti-canonical cycle D whose type rd 0 , . . . , d s´1 s is the Hirzebruch-Zagier dual of rc 0 , . . . , c r´1 s (see section 1.2).
Looijenga's conjecture has been proved by M. Gross, P. Hacking, and S. Keel [GHK, Theorem 0.5] ; a different proof has been given later by P. Engel [Eng] . Therefore we have Theorem 4.2. [Gross-Hacking-Keel-Engel] Looijenga's conjecture is true.
Using this result the smoothable condition can be checked in an explicit, algorithmic way: indeed, the Hirzebruch-Zagier dual type rd 0 , . . . , d s´1 s can be computed easily as explained in 1.2. Moreover, as the theorem below shows, the condition "rd 0 , . . . , d s´1 s is the type of an anti-canonical cycle D in a rational surface" is equivalent to "rd 0 , . . . , d s´1 s is the type of an anti-canonical cycle D in a blown up projective plane", and can be checked algorithmically. Recall from section 1.2 that we are interested only in cycles C whose type rc 0 , . . . , c r´1 s belongs to T , and the Hirzebruch-Zagier duality defined an involution on this set. Theorem 4.3. Let S be a smooth rational surface with an oriented anti-canonical cycle of rational curves D whose type rd 0 , . . . , d s´1 s belongs to T . Then S admits P 2 as minimal model.
Proof.
For s ě 4 this follows from [McE, Corollary 2.2] , which is consequence of a theorem of Miranda [McE, Theorem 2.1] . Note that the condition rd 0 , . . . , d s´1 s P T is essential. Indeed, P 1ˆP1 contains the anti-canonical cycle P 1ˆt 0, 8u Y t0, 8uP 1 , but it cannot be contracted to P 2 . For s P t1, 3u the claim follows directly from [Loo, Theorem 1.1]. Suppose now s " 2. The same theorem shows that pS, Dq is obtained from a pair pP 1ˆP1 ,Dq, whereD "D 1`D2 is the union of two distinct rational curves of bidegree (1,1), by blowing up a finite set Z Ă pP 1ˆP1 qzSingpDq. Since rd 0 , d 1 s P T andD 2 i " 2, we must have #pZ XD i q ě 4. But blowing up a point of P 1ˆP1 gives already a surface which admits P 2 as minimal model.
Remark 4.4. Let S be a smooth compact surface, π :Ŝ Ñ S be the blown up of S at a point p P S, and E be the exceptional curve. Let D ĂŜ be an anti-canonical cycle of rational curves. Then ∆ :" πpDq is an anti-canonical cycle of rational curves on S, and pŜ, Dq is obtained from pS, ∆q by blowing up a point p P ∆. If
Proof. Since D is anti-canonical, it follows that E¨D " 1, so either E intersects D transversally at a smooth point, or E is an irreducible component of D. In both cases one has OŜpDq » π˚pO S p∆qqp´Eq, so π˚pO
Since the morphism π˚: PicpSq Ñ PicpŜq is injective, it follows that ∆ is anti-canonical. Moreover, in both cases ∆ is a cycle of rational curves.
Taking into account Theorem 4.3 and Remark 4.4 we obtain the following important result which shows that the condition "rd 0 , . . . , d s´1 s is the type of an anticanonical cycle on a smooth rational surface" intervening in Looijenga's conjecture is decidable algorithmically:
Corollary 4.5. Let S be a smooth rational surface with an oriented anti-canonical cycle of rational curves D of type rd 0 , . . . , d k´1 s P T . There exists a finite sequence
of smooth rational surfaces with an anti-canonical cycles such that
1 " P 2 and D 1 is either the union of three general lines, or the union of a conic and a line in general position, or a cubic with a nodal singularity.
Example 4.1. We start with a singular cubic curve The type of D 1 is r´7s, and for k ě 2 the type of D k is r1, 2, . . . 2, k´7s. Blowing up at suitable smooth points of D k we see that, for 1 ď k ď 10, any type rd 0 , . . . , d k´1 s P T k is the type of an anti-canonical cycle in a smooth rational surface.
Example 4.2. Consider the cycle C " C 0`¨¨¨`Cr´1 Ă X of r ě 1 rational curves in X of type p3, 2, . . . , 2q, and pY, cq be the corresponding cusp. With the notations of section 1.2 we have s " ř r´1 i"0 pc i´2 q " 1 and the dual type is rr`2s, so it corresponds to a cycle D consisting of a single singular rational curve with self-intersection´r. Let pY _ , dq be the cusp obtained by contracting such a cycle D in a smooth surface X _ . By Wahl's theorem 4.1, a necessary condition for the cusp pY _ , dq to be smoothable is r ď 10, so for r ě 11, pY _ , dq is not smoothable. In fact by Theorem 4.6, this cusp is smoothable if and only if 1 ď r ď 10. Note that pY, cq is smoothable for any r P N˚.
We can state now Theorem 4.6. Let X be a minimal class VII surface, C Ă X be cycle of rational curves with C 2 ă 0, rc 0 , . . . , c r´1 s be its type, and pY, cq be the singularity obtained by contracting C.
(1) If ř r´1 i"0 pc i´2 q ď 10 the singularity pY, cq is smoothable. (2) The condition ř r´1 i"0 pc i´2 q ď 10 is satisfied in the following two cases (i) r ă b 2 pXq and b 2 pXq ď 11.
(ii) r " b 2 pXq and b 2 pXq ď 10. Therefore in these cases pY, cq is always smoothable. 
Smooth deformations of singular contractions of class VII surfaces
In this section we prove a general smoothability criterion for the singular surface Y obtained by contracting a cycle in a minimal class VII surface, and, in the smoothable case, we identify the smooth surfaces Y 1 which appear as small deformations of X.
Note that these results are valid for unknown minimal class VII surfaces: one just needs the existence of a cycle, not the existence of global spherical shell. In other words we do not assume that X is a Kato surface.
Lemma 5.1. Let X be minimal class VII surface, and C Ă X be a cycle of r rational curves with C 2 ă 0.
(1) If r ă b 2 pXq then h 0 pK X pCq bn q " 0 for any n P N˚. (2) If r " b 2 pXq then X is a half Inoue surface, and
Using [Dl2, Corollary 2.36, Remark 2.37] and c 1 pXq 2 "´b 2 pXq, we obtain
The claim follows now from [Na4, Lemma 1.1.3].
(2) This is a consequence of Remark 1.6 (4).
Proof. Since X admits a cycle C of rational curves with C 2 ă 0, it cannot be an Enoki surface, so the classes of the irreducible curves are linearly independent in H 2 pX, Qq. This implies r ď b 2 pXq.
(1) This follows directly from Theorem 4.6 and Corollary 3.5.
(2), (3) Let π : X Ñ Y be the contraction map. Use the exact sequence
given by the Leray spectral sequence and the vanishing of 
be a deformation of Y with base pU, u 0 q. Since p is flat, one can define an invertible sheaf ω on the total space U whose restriction to any fibre Y u is the dualising sheaf ω Yu (see [HLO, section 2.1.12, p. 51] ). Applying the semicontinuity theorem to the sheaves O Y , ω and assuming U sufficiently small we get:
Suppose first that r ă b 2 pXq. In this case a new application of Theorem 2.2, Lemma 5.1 and semicontinuity theorem gives @u P U, h 0 pω b2 Yu q " 0 .
so any smooth fibre Y 1 " Y u has qpY 1 q " P 2 pY 1 q " 0, so Y 1 is a rational surface by Castelnuovo rationality criterion. Using the Noether formula, Theorem 2.2 (1) (b) and (8) The case when C is one of the two cycles of an Inoue-Hirzebruch surface has been studied in [Loo, section III.2 ]. Looijenga's results show that:
Theorem 5.3. Let X be an Inoue-Hirzebruch surface with two cycles C, D of rational curves, and let π : pX, Cq Ñ pY, cq be the contraction on the singular surface obtained by contracting C, and p : pX, C, Dq Ñ pZ, c, dq be the contraction on the singular surface obtained by contracting C and D. Let This result shows that if pY, cq is smoothable, then the type rd 0 , . . . , d s´1 s of D is the type of an anti-canonical cycle in a rational surface; this was the motivation behind Looijenga's conjecture. Since now this conjecture is a theorem, we obtain Corollary 5.4. In the conditions and with the notations of Theorem 5.3, the following conditions are equivalent:
(1) The singularity pY, cq is smoothable.
(2) The type rd 0 , . . . , d s´1 s of D is the type of an anti-canonical cycle in a smooth rational surface which admits P 2 as minimal model. (3) Y admits smooth deformations which are smooth rational surfaces admitting P 2 as minimal model, and endowed with anti-canonical cycles.
